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1. Introduction 

The role of tensor multiplcts in supergravity has seen in the last years a revived interest, 
in connection with the study of flux compactifications in superstring or M-theory. 

Two-index antisymmetric tensors are 2-form gauge fields whose field-strengths are 
invariant under the (tensor)-gauge transformation B ^ B + dA, A being any 1-form. A 
physical pattern to introduce massive tensor fields is the anti-Higgs mechanism, where the 
dynamics allows the tensor to take a mass by a suitable coupling to some vector field. The 
mass term plays the role of magnetic charge in the theory. The investigation of the role of 
massive tensor fields was particularly fruitful for the N = 2 theory in 4 dimensions, where 
the study of the coupling of tensor-scalar multiplets (obtained by Hodge-dualizing scalars 
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covered by derivatives in the hypermultiplet sector) to = 2 supergravity was considered, 
both as a CY compactification [1] and at a purely four dimensional supergravity level [2, 3]. 
When this model was extended, in [4, 5, 6], to include the coupling to gauge multiplets, 
it allowed to construct new gaugings containing also magnetic charges, and to find the 
electric/magnetic duality completion of the N = 2 scalar potential. 

However, a general formulation of A'^ = 2, D = 4 supergravity coupled to tensor- 
vector multiplets (obtained by Hodge-dualizing scalars in the vector multiplet sector) is 
still missing, even if important steps in that direction appeared quite recently [7, 8]. On 
the other hand, the situation appears more promising in five dimensional supergravity. 
There, 2-index antisymmetric tensors appear in the gauge sector, since the field-strengths 
of massless two-index tensors are Hodgc-dual to vector field-strengths, and they naturally 
appear in the compactification of higher dimensional theories ^. Various approaches to 
construct a general coupling to tensor multiplets in the N = 2 theory have been given 
[12, 13, 14, 15, 16, 17, 18, 19, 8]. Towards a general understanding of the four dimensional 
case, we adopted the strategy of first looking at the five dimensional theory in a framework 
as general as possible. In particular, an ingredient generally used for the construction of the 
couplings is the "self-duality in odd dimensions" [20] that allows to work with massive, self- 
dual tensors from the very beginning. However, in this way much of the algebraic structure 
underlying the theory is not manifest. To find the most general theory in five dimensions in 
a way which can give insight into the algebraic structure also for the four dimensional case, 
we found useful to examine first at the bosonic level and in full generality the algebraic 
structure which any theory coupled to tensors and gauge vectors is based on. This requires 
the extension of the notion of gauge algebra to that of free differential algebra (FDA in 
the following) that naturally accomodates in a general algebraic structure the presence of 
p-forms {p > 1). We have then devoted the first part of the paper, section 2, to the study 
of the gauge properties of a general FDA involving gauge vectors (1-forms) and two- index 
antisymmetric tensors (2-forms). The discussion will be completely general, and will not 
rely on the dimensions of space-time (apart from the obvious request Z) > 4, in order to 
have dynamical 2-forms) nor on supersymmetry. Our procedure allows the FDA structure 
to be further generalized, for D > 5, hj including also couplings to higher order forms, as 
is the case, in general, for flux compactifications. This is left to a future investigation. 

When applying our results to the case of I? = 5, A'" = 2 supergravity, in section 3, 
we find some possible generalizations with respect to the current literature in the subject 
[12, 13, 14, 15, 16, 17, 18, 19, 8]. Besides the fact, already pointed out in [19] and [21], that it 
is possible to include in the 3-form field-strength a coupling of the type ^aea/^^A (where 
A enumerates gauge fields and M tensor fields), wc find that the mass matrix for the tensor 
fields, which in five dimensional supergravity has to be antisymmetric {m^^ = — m^^^), is 



is the case to which the literature on the subject usually refers to. On the contrary, any 
general antisymmetric matrix may be considered. This may be understood, for example. 



however not necessarily proportional to the symplectic metric O 
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by looking at the D = 5 N = 2 theory obtained by Schcrk-Schwarz dimensional reduction 
from six dimensions [22]. In this case, indeed, the tensor mass-matrix is the Scherk-Schwarz 
phase and has in general different eigenvalues. Therefore for a general five dimensional 
N = 2 theory the generators of the gauge algebra are not necessarily in a symplectic 
representation, and constraints from supersymmetry give milder constraints on the gauging 
than the ones usually considered. As a consequence of these generalizations, the scalar 
potential of the theory has some differences with respect to the previous investigations. 

The FDA approach allows to interpret the resulting structure in a general group- 
theoretical way which is not evident with other approaches. Our starting point is a general 
gauge algebra, which is represented via generators with indices in the adjoint representation 
of the gauge group. The building blocks of the FDA are then p-form potentials (with, for 
our case, p = 1,2, that is ^ = A^dx^ and B = S^^dr^ A dr*^) and their field-strengths. Let 
us emphasize that in this way the fields are subject to gauge constraints, and are therefore 
massless. The mechanism for which the 2-forms become massive is left to the dynamics of 
the Lagrangian (or alternatively, in the supersymmetric case, also of the supersymmetric 
Bianchi identities). At the bosonic level, this is implemented via the anti-Higgs mechanism, 
that is by fixing the gauge invariance of the system (A, B) : 

(SB = dA 

\SA = de - mA ' 

with field-strengths 

( H = dB 

\f = dA + mB ' 

via the tensor-gauge fixing A = ^A. 

Since our analysis does not rely on the space-time dimension, we expect to retrieve in 
particular, with our approach, also the results already known for the D = 5, N = 2 theory. 
However, there is a subtle point here, because it appears not evident how to reconcile 
the anti-Higgs mechanism with the fact that supersymmetry constrains massive tensors in 
D = 5 supergravity to obey the self-duality condition: 

mdif^B^pj oc e^^p^A^'^'^ , /X, z/, • • • = 0, 1, . . . , 4. (1.3) 

The way out from this puzzle may be found by looking again at the subclass of mod- 
els obtained by Scherk-Schwarz dimensional reduction from six dimensions. Indeed, the 
six-dimensional Lorentz algebra admits as irreducible representations self-dual tensors, sat- 
isfying 

%5.^]M = l^f^opaxf^'^M , A, ^, • • • = 0, 1, . . . , 5. (1.4) 

Since N = 2 matter-coupled supergravity in six dimensions contains one antisclf-dual and 
riT self-dual tensors in the vector representation of S'0(l,nr), one can use the SO{nT) C 
SO{l,nT) global symmetry of the model to dimensionally reduce the theory on a circle 
down to five dimensions a la Scherk-Schwarz [22], with S-S phase = —m^^ G 



(1.1) 



(1.2) 
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SOinx): 



BfiOMix, 2/5) = (expfmys]) ^ ^ B^^mi^) ^xp 

n 

Applying (1.5) to the self-duality relation (1.4), we find 



m 



2TrR 



(1.5) 



d[,,B,p]M = le^upaX5 (niM^'B'^^ + 2^^^^) , /x = 0, 1, . . . , 4 (1.6) 

where -Fxo-at = 9^aB\]5N- ^1- (1-6) expresses the self-duality obeyed by the tensors in five 
dimensional supergravity. However, it also shows that the field-strengths of the vectors 
-B/i5iv, that give mass to the tensors B^hm via the anti-Higgs mechanism, are in fact 
the Hodge-dual of the tensors B^j^hm themselves. Prom our analysis applied to iV = 2 
supergravity in five dimensions, we find this to be a general fact, not necessarily related 
to theories admitting a six dimensional uplift: in each case, the massive tensor fields 
belong to short representations of supersymmctry, and the dynamical interpretation of the 
mechanism giving mass to the tensors requires the coupling of the massless tensors to gauge 
vectors which are the Hodge-dual of the tensors themselves. 

The paper is organized as follows: In section 2 we study the general FDA describing the 
coupling of two-index antisymmetric tensor fields to non-abelian gauge vectors and show 
in detail, for the general case, how the anti-Higgs mechanism takes place. In section 3, we 
apply the formalism to the case of iV = 2 five dimensional supergravity, using the geometric 
approach to find the Lagrangian, supersymmctry transformations rules and constraints on 
the scalar geometry and gauging. Our results are summarized in the concluding section, 
while we left to the appendices some technical details and the comparison of our notations 
with the ones of [13] and of [18]. 



2. A general bosonic theory with massive tensors and non-abelian vectors 

In this section we are going to study the gauge structure of a general theory with two- 
index antisymmetric tensor fields coupled to gauge vectors. The discussion here will be 
general, with no need to make reference to any particular dimension of space-time nor to 
any possible supersymmetric extension of the model. Later, in section 3, we will consider 
the supersymmetrization of the model, specifying the discussion to the case of N = 2 five 
dimensional supergravity coupled to vector, tensor and hyper multiplets. The correspond- 
ing four dimensional case of = 2 supergravity coupled to vector-tensor multiplets is 
under investigation, and is left to a future publication. 

2.1 FDA and the anti-Higgs mechanism 
2.1.1 Abelian case 

The simplest case of a FDA including 1-form and 2-form potentials ^ is described by a 
set of abelian gauge vectors and of massless tensor two-forms Bm {M = l,...nT-) 

^0-forms will also be included in section 3, when considering a supersymmetric version of the theory 
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interacting by a coupling . The field-strengths are: 

5Ar 



and are invariant under the gauge transformations: 

fM*^ = dG^^-m^^Ajv 

1 5Bm = dAM ^ 

with parameters of infinitesimal U(l) gauge transformations and Km one-form param- 
eters of infinitesimal tensor-gauge transformations of the two- forms Bm- In this case the 
system undergoes the anti-Higgs mechanism, and it is possible to fix the tensor-gauge so 
that: 

Bm —>■ B'j^ = Bm + dAjv^; 

In this way the gauge vectors disappear from the spectrum providing the degrees of 
freedom necessary for the tensors to acquire a mass, since: 

, " ^ (2.4) 

H'm = ABm- 

2.1.2 Coupling to a non-abelian algebra 

The model outlined above may be generalized by including the coupling of this system to 
nv gauge vectors (A = 1, . . . ny), with gauge algebra Go (not necessarily semisimple), 
if the index M of the tensors Bm and of the abelian vectors A^ runs over a representation 
of Go- In this case the FDA becomes ^: 

{ = dA^ + Ihr^A^ A A^ 

pM ^ dA^ -Tan^A^aA^ + m^^BN 

= DA^ + mM^BN (2.5) 

Hm = dBM + TAM^A^ ABN + dANMF^AA^ 

= DBm + cIanmF^AA^ 

Here fsr^ are the structure constants of the gauge algebra Go and Tam^ , dAMN suitable 
couplings. The closure of the FDA {SA^ = c^^A^ = SBm = 0) gives the following 
constraints: 

/[AS^/riA^' = (2.6) 

rr Prr N I /• AT -7\ 

J-[A\M J-T.]P = -j^JKT, J-VM (,^-7j 

Tam^ = -dAMpm^^ = dAPMin^^ (2.8) 
TAiv'^m^^ = -TAA^m^^ (2.9) 
Tt,m^ drpN + Tj^p'^drNM - /sf'^c^apm'^ = 0. (2-10) 



^We will generally assume, here and in the following, that the tensor mass-matrix m^'^ is invertible. 
In case it has some 0-eigenvalues, we will restrict to the submatrix with non-vanishing rank. This is not a 
restrictive assumption, because any tensor corresponding to a zero-eigenvalue of m may be dualized to a 
gauge vector and so included in the set of {^^}- 
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Eq.s (2.6), (2.7) show in particular that the structure constants /ayF do indeed close the 
algebra Go and that T/^m^ are generators of Go in the representation spanned by the 
tensor fields. Eq.s (2.8) and (2.9) imply: 



dkMN = 



(2.11) 



and (2.10) is a consistency condition that, when multiplied by m^'^, is equivalent to (2.7) 
(upon use of (2.9)). 

When (2.6) - (2.10) are satisfied, the Bianchi identities read: 



dF^ + hr^A^ AF^ = 
dF^ -Tan^A^AF^ = m^^ 



Hn 

[dHM + TAM^A^AHN = dAMNF^AF^. 



(2.12) 



To see how the anti-Higgs mechanism works in this more general case, let us give the gauge 
and tensor-gauge transformations of the fields (including the non-abelian transformations 
belonging to Go, with parameter e^). They become: 



r SA^ = 

= 

SBm = 



with: 



de^ + hr^A^e^ = De^ 

de^ - TAiv^^^e^ + TAN^A^e^ - m^^Ajv 
DQM + TAN^A^e^ - m^^AN 
dAM + Tam'^A'^ a An- dAMNF^Q"" - TAM^'BNe^ 
DAm - dAMNA^ A dG^ - Tam'^Bnc^, 



(2.13) 



— /sr 

= TAN^F^e^ 
= —Tam'^Hnc^. 

Fixing the gauge of the tensor-gauge transformation as: 




(2.14) 




A'^ -- 
A!^ 
B' 



M 



A^ 

-- -m^^A^ 
Bm + -DAm, 



(2.15) 



we find: 




F^ 

m^^BM 
DBm 



(2.16) 



When the tensor-gauge is fixed as in (2. 15), (2. 16), the vectors A^ disappear from the 
spectrum while the tensors Bm acquire a mass. As anticipated in the introduction, this 
is in particular the starting point of the formulation adopted in the literature to describe 
D = 5, N = 2 supergravity coupled to massive tensor multiplets [17, 18, 19]. 

However, let us observe that in this more general case the abelian gauge vectors A^ , 
providing the degrees of freedom needed to give a mass to the tensors via the anti-Higgs 
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mechanism, are charged under the gauge algebra Gq. It is not possible to make the gauge 
transformation of the vectors A^^ compatible with that of the unless all together the 
vectors {A^, A^^} = A^ form the co-adjoint representation of some larger non semisimple 
gauge algebra G z:> Gq. 

The relations so far obtained may then be written with the collective index I = (A, M), 
in terms of structure constants /j^^ restricted to the following non vanishing entries: 



fjK^ = (/as'", /am^ = -Tam^) , (2-17) 



and of the couplings: 



m 



IM = gl^^NM ^ ^ gA^N (2.18) 



(2.19) 



(2.20) 



(2.21) 



In terms of the tilded quantities the FDA (2.5) reads: 

Hm = dBM + Tjj^^A^BN + djjj^F^ AA-^ 
with Bianchi identities: 

r dF^ + (/j^^' + m^^djij^) A^F^ = m^'^HM 
\dHM+ (t^m'' + ^^^^J/m) A'Hj, = dfj^F^F^ ' 
provided the following relations, equivalent to (2.6) - (2.10), hold: 

r,-^(^m-f» = 

'"' -^JN ~ JJK '"■ 

^IM ~ "■IJM"J' 

^[/|M ^k\J]N ~ (f[i\K + ^k[iN)^L\J]M ~ 2/7J ^KLM = ^■ 

Subject to the constraints (2.21), the system is covariant under the gauge transforma- 
tions: 

SA^ = + fjf^^Ah^ -ttJ^Km 
5Bm = dAM + Tj^^'A^^N-dij^FhJ -Tjj^^JBn 

implying the gauge transformation of the field strengths: 

\5Hm = -{t^j^^ + m^^djjj^)e'~HN 
2.1.3 A general FDA 

We now observe that the restrictions on the couphngs (2.17) and (2.18) have been set 
to exactly reproduce eqs. (2.5) while exhibiting the fact that A^ collectively belong to 
the adjoint of some algebra G D Gq. Actually eq.s (2.5) and (2.21) allow in fact a more 
general gauge structure than the one declared in (2.17), (2.18). Let Tj G Adj G be the 



(2.22) 



(2.23) 
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gauge generators dual to . For the case of (2.17), G has the semisimplc structure 
G = Go IK M"^, and the generators Ta S Gq may be reahzed in a block-diagonal way 
(with entries Tas'" = /as'"; T\m^ = — /am^) while the Tm are off-diagonal (with entries 
Tmk^ = /am^)- However, any gauge algebra G with structure constants //j^ niay in 
principle be considered, provided it satisfies the constraints (2.21). In the general case, to 
match (2.21) one must also relax the restrictions on the couplings (2.17), (2.18), and allow 
for more general fjj^ and djjj^. This includes in particular the case 

/as'^T^O, dASMT^O (2.24) 

which was considered in [19] and [21]. In this case, G cannot be semisimple, and Gq is not 
a subalgebra of G ^. This implies that the vectors A^ do not decouple anymore at the 
level of gauge algebra, and this, at first sight, would be an obstruction to implement the 
anti-Higgs mechanism. However, this apparent obstruction may be simply overcome in the 
FDA framework, due to the freedom of redefining the tensor fields as [23] : 



Bm^Bm + kfj^A^ A A^, (2.25) 



for any kjjj^ antisymmetric in /, J. It is then possible to implement the anti-Higgs mech- 
anism with the tensor-gauge fixing (which includes a field redefinition as in (2.25)): 




A'^ = A^ 

I'M _ ^MN 



j^M ^ _^MJv^^ (2.26) 
B'j^ = Bm- \dK^MA^ AA^ + DAm 



This still gives: 




m^^BN (2.27) 
DBm 



provided that: 



m^^d[AE]iv = /as^. (2.28) 



With this observation, we may now analyze in full generality which non trivial structure 
constants may be turned on in (2.19) in a way compatible with the anti-Higgs mechanism. 
First of all, it is immediate to see that if: 

//m'^T^O' (2-29) 

it is impossible to implement the anti-Higgs mechanism, because they introduce a coupling 
to the gauge vectors in the field-strengths which is not possible to reabsorb by any 
field-redefinition. 

Considering then the case: 

/mat-^T^O, dMNPT^O. (2.30) 



*We acknowledge an enlightening discussion witli Maria A. Lledo on this point. 
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we sec that /mn^ would introduce a non-abelian interactions among the vectors A^^ and 
in particular, for the case A = 0, this would imply that the A^^ close a non-abelian gauge 
algebra. This case may be treated in a way quite similar to the case (2.24), since again we 
may use the freedom in (2.25) to absorb the non-abelian contribution to F'^ in a redefinition 
of Bm- The anti-Higgs mechanism may then be implemented via the tensor-gauge fixing: 



A^ 



A'^ = A^ 

B'j^ = Bm- IdNPuA^ ^AP + DA 



(2.31) 



M 



giving, as before: 



< 



B'm 



F^ 
DBm 



provided that: 



m 



[NP]Q 



Inp 



M 



(2.32) 



(2.33) 



This shows that also non-abelian gauge vectors may be considered, and still may 
decouple from the gauge- fixed theory by giving mass to the tensors Bm- For this case, 
however, the constraints (2.21), together with (2.33), give the following conditions on the 
couplings: 



f duNP 



1 



m 



MN 



[MNP] 



+m 



NM 



(2.34) 



As we are going to discuss in the next section, for the D = 5, N = 2 theory the matrix 

has to be antisymmetric, and this then implies, for this theory, /mn^ = 0. We conclude 

that even if the algebra (2.19) can have non trivial extensions with new couplings, this is 
not the case for the D = 5, N = 2 theory we shall be concerned with in section 3, so that 
the couplings /mn^ and dMNP will be set to zero. 



2.2 General properties of the FDA 

A further observation concerns eq.s (2.20) and (2.23). In these equations, as in all the 
relations involving the physical field strengths F^ and Hm, the following objects appear: 



JjK — JJK ^ '"' "-KJM ' 



■^IM — -^IM ^ '"■ "-JIM ~ '^"■(IJ)M 



m 



(2.35) 



The generalized couplings /jf^^ belong to a representation of the gauge algebra G which 
is not the adjoint, since they are not antisymmetric in the lower indices. In particular we 
find : 



f _K^JM _ rp_ M^JN 
JIJ '"' ~ ^IN "'■ 

f.-K^IM ^ 
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However, the //j^^ and Tj^^^ can be understood as representations of generators fj and 
Tj that still generate the gauge algebra G. Indeed the following relations hold (subject to 
the constraints (2.21)): 

//) fj 



(2.37) 



The generalized couplings / and T express the deformation of the gauge structure due 
to the presence of the tensor fields. In particular, only the structure constants of Gq 
are unchanged, corresponding to the fact that this is the algebra realized exactly in the 
interacting theory (2.19) after the anti-Higgs mechanism has taken place. The rest of 
the gauge algebra G is instead spontaneously broken by the anti-Higgs mechanism (which 
requires, if fhs^ ^ 0, also a tensor redefinition, as explained in (2.26)). However, the 
entire algebra G is still realized, even if in a more subtle way, as eq.s (2.37) show. Prom 
a physical point of view, this is expected by a counting of degrees of freedom, since the 
degrees of freedom required to make a two-index tensor massive are the ones of a gauge 
vector connection ^, so that also the vectors , besides the A^, are expected to be massless 
gauge vectors. This algebra indeed closes provided the Jacobi identities f^jj^ffql^ = 
are satisfied. We find indeed, using (2.37): 



/[/' fJ 









N 



M 



— —f - ^ f - Mi P — f\ 
~ J[IJ JK]N J ML ~^ 

f M f 

'[ij Jk]m -^lm 



_ f M f Lrfi N n 

~ J\ij JK\M ^L" ~ ^ 



(2.38) 



The hatted generators /, T play the role of physical couplings when the gauge structure 
is extended to include charged tensors. They have then to be considered as the appropriate 
generators of the free differential structure. It may be useful to recast the theory in terms 
of all the couplings appearing in the Bianchi identities (2.20), that is the hatted generators 
and the symmetric part d^jj^j^ of the Chern-Simons-like coupling djjj^. This is done by 
the field redefinition: 

Bm^Bm = Bm + \d^ij^M^^ A A^ (2.39) 



so that the FDA takes the form: 



pi ^ aAi + yjJA^;,A^ + m^^BM 

Hm = dBM + ^Tjj^^A'Bn + d^jj^j^F' A A^ + /C^jj^A^ A A^ A A^ ^ ' ^ 



^Indeed, the on-shell degrees of freedom of a massless (2-index) tensor and of a vector in D dimensions 
are {D — 2){D — 3)/2 and {D — 2) respectively, while the ones of a massive tensor are {D — 1){D — 2)/2 = 
(£)_2)(D-3)/2 + (£'-2). 
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and the constraints (2.21) in the new formulation read, after introducing fjj^ = f[ij]^- 

J[IJ J K]M ~ '^M[IJK] 

rp Nrp P f Krp , 1 OJk" 

■^[IM -^JjN ~ JIJ -^K^ ^■^'^MIJK'"' 

f,^V^ = 

im^^fj^^ = fj^'m^^^ (2.41) 
T~ ^ — 9/7 m^^ 

'^II\M^ ^{J]k)N ~ '^fli\k^^{J]L)M ~ f ij^^{kL)M ~ ~^^MIjk 
'^N[JKL-^I]\M '^'^MP[IJJ KL] ~ ^■ 

In eq.s (2.40) and (2.41) we have introduced the definition: 

^Mijk = 2-^[iJ ^{k]L)M + '^'^{L[j)Mfi]k ■ (2.42) 

that could also be found by directly studying the closure of the FDA (2.40) without referring 
to its derivation from (2.19). 

Eq. (2.40), which is expressed in terms of the physical couplings only, is completely 
equivalent to (2.19). This is in fact the formulation used in [21], for the study oi N = 8 
supergravity in 5 dimensions. However, as eq.s (2.41) shows, in the formulation (2.40) the 
gauge structure is not completely manifest, because for the "structure constants" //j^ the 
Jacobi identities fail to close. 

Equation (2.19) (or, equivalently, (2.40)) is the most general FDA involving vectors 
and 2- index antisymmetric tensors. Any other possible deformation of (2.19) is indeed 
trivial (unless the system is also coupled to higher order forms) as we will show in detail 
in Appendix A. 

As a final remark, let us observe that, given the definitions (2.19), the FDA still enjoys 
a scale invariance under the transformation, with parameter a: 

Bm ^ ^Bm (2.43) 

"'IJM a"'IJM 

As we will see in the following, for the N = 2 theory in five dimensions this freedom corre- 
sponds to the possibility of choosing an overall normalization for the tensor contributions 
to the Chern-Simons Lagrangian. 



3. D — 5, N — 2 supergravity revisited 

3.1 Generalities and differences from previous approaches 

In this section we are going to apply the general analysis of section 2 to the case oi N = 2 
supergravity theory in five dimensions coupled to vector- and tensor- multiplets. 
The field content of the theory, in the absence of couplings, is 
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• the gravity supermultiplet 

a = 0,l,...4, M = 0,l,...4, A = l,2 

where is the space-time vielbein (with a tangent-space indices and /i world- 
indices), the gravitino, with R-symmetry index in the fundamental representation 
of S'p(2,R), and the graviphoton; 

• ny gauge multiplets 

{A'^A'^,^'), i = l,...nv 

with Lp^^X"^ the scalar partners of the gauge vectors A^ and the S'p(2, ]R)-valued 
gaugini respectively. Since the gauge vectors mix in the interacting theory, in the 
following we will introduce the index A = (0, i) = 0, 1, . . . ny running over all the 
gauge-vector indices, that is: A^ = 

• riT massless tensor multiplets 

(Sm|m.,A^^,¥''^), i = l,...nT 
with , the scalar and spinor partners respectively of the tensors Bm\ 

• uh hypermultiplets 

(g",n, u = {Aa) = l,..AnH\ a = l,...2nH 

where the scalars g" span a quaternionic manifold of quaternionic dimension uh and 
their spin- 1/2 partners are labeled with an index in the fundamental representation 
of Sp{2nH,^). 

Before entering in the explicit construction of the theory, let us emphasize the differences 
of our approach with respect to the existing literature on D = 5, A'' = 2 supergravity. 
Inspired by the analysis of the previous section, we are interested in exploiting all the rich 
gauge structure underlying the bosonic sector of the model, so we want to retrieve and 
possibly to extend the results in the existing literature by starting with massless tensors 
and letting them take mass via the anti-Higgs mechanism. Let us discuss this point in 
some more detail than what has already done in the introduction. 

While the anti-Higgs mechanism is very well understood at the bosonic level, to imple- 
ment it within a supersymmetric theory is a non trivial task. This is due to the fact that 
the supersymmetry constraints require the vectors A^ giving mass to the tensors (in the 
notations of section 2) to be related to the tensors themselves in a non local way, involving 
Hodge-duality. This relation is codified in the so-called "self-duality-in-odd-dimensions" 
condition to which all the tensor fields in odd-dimensional supergravity theories have to 
comply [20]: 

m^^iJ^,,,,, oc e,,edei^^l'^ (3.1) 
In particular, for the five dimensional case the tensors are further required to be complex. 
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In fact, in the approach currently adopted in the hterature [12, 13, 14, 15, 16, 17, 18, 
19, 8], the tensors Bm in the tensor multiplets are taken to be massive (and constrained 
to satisfy (3.1)) from the very beginning, without any tensor-gauge freedom. 

Naively, to implement the anti-Higgs mechanism at the supersymmetric level one could 
think of directly supers3niimetrizing the FDA (2.19), and try to give mass to the whole 
tensor multiplets by coupling them to ut extra abelian vector multiplets added to the 
theory: 

(A;^,X^^,<^^), (3.2) 

where the vectors and the tensors Bm admit the couplings and gauge invariance as in 
(2.19) and (2.22). If this would be the case, in the interacting theory the fields in the extra 
vector multiplets would couple to the tensor multiplets and one would end up with ut long 
massive multiplets. We found, however, from explicit calculation that this is not the case, 
since supersymmetry transformations never relate the tensors Bm to the spinors nor 
to the scalars in (3.2). Then the only way compatible with supersymmetry to couple 
N = 2 supergravity with nx massive tensors involves short BPS tensor multiplets 

where the massive tensors Bm (that are complex because of CPT invariance of the BPS 
multiplet) have to satisfy (3.1) (see eq. (3.48)). This is evident for the models having a 
six dimensional uplift, as discussed in the introduction, since for these cases the mass of 
the tensors is the BPS central charge gauged by the graviphoton 5^5. Then, in order to 
understand the N = 2 supergravity theory in five dimensions coupled to tensor and vector 
multiplets as a supersymmetrization of the FDA discussed in section 2, we will adopt the 
following strategy: we start from the massless theory with field content as outlined at 
the beginning of this section, but we also introduce ut extra auxiliary abelian vectors 

coupled to the system. The closure of the supersymmetry algebra will then fix their 
field-strengths, on-shell, to be the Hodge-dual of the field-strengths of the tensors Bm- 
When the theory also includes non- abelian gauge multiplets gauging some algebra Gq, and 
the tensor multiplets are charged under some representation of Gq, then the spin-one part 
{Bm,A^,A^) of the bosonic sector is coupled as in (2.19). In this case the closure of the 
supersymmetry algebra also involves the non abelian field-strengths and give the set of 
constraints (3.45) - (3.54) below. 

According to the discussion in section 2, to simplify the notation we will generally use 
the index / = (A, M), valued in a representation of a group G D Go in the notations of 
section 2, that runs over all the vectors (including the auxiliary ones) 



and over the scalar sections 



£ = {A^,A^) 



(G- valued functions of the scalar fields (p^ = ((/?*, ^p^)) which appear in the supersymmetry 
transformations of the vector and tensor fields. The world- index x = 1, . . . , ny + ut will 
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collectively enumerate the scalar fields y?^ and the spinors A^"^ both in the tensor and vector 
multiplets. 

With respect to the analysis of [17], our discussion will be a bit more general as we 
will include a non-zero Chern-Simons coupling d\Y.M, as in [19]. 

Another important point, not considered so far in this general context, concerns the 
couphngs . The closure of the FDA (2.19) demands (recalling (2.21)) the generators 
Tjj^'^ to be related to the couplings djjj^ and to the structure constants /j^^ respectively 

by 

Ti^^ = m'^ d^j^, m'^Tj^^ = fj^'m^^. (3.3) 
Setting in the second relation I = P and J = A, it is immediate to obtain the following: 

dAMNm^^ m^^ = -dANM m^'^m^Q. (3.4) 

Eq. (3.4) in principle admits two different solutions: either d\MN is symmetric and 
antisymmetric or the opposite. But since these couplings enter the Lagrangian of five di- 
mensional supergravity respectively in the kinetic term for the tensors Bm^Bn (which 
for symmetric is a total derivative) and in the Chern— Simons term djj^^A^ F^^ 

(which is zero if djj^^^ is antisymmetric in M and A''), we are forced to consider only the 
former solution^. Furthermore it should be noted that this same choice forbids the presence 
of dMNP couplings, due to eq. (2.34). 

We want to stress, however, that this constraint leaves the freedom for the tensor mass- 
matrix m = —m^ to have ut different eigenvalues itim^ (^ = 1, . . . n^/S)^. As anticipated 
in the introduction, this is the case, for example, of the five dimensional theory obtained 
by Schcrk-Schwarz generalized dimensional reduction [24, 25] from the (2, 0) theory in six 
dimensions [22]. In this theory the mass matrix m,^^ is in fact the S-S phase, in the Cartan 
subalgebra of the global symmetry SO{nT) C 50(1, n-r); which is the isometry group of 
the scalar sector of the tensor multiplets in the = 6 parent theory. The five dimensional 
theory one obtains in this way is a gauged theory with flat group given by the semidirect 
product U{1) V. Rv, where Ry is an ny-dimcnsional representation of SO(l,nT), and the 
U (1) group is gauged by the vector coming from the metric in six dimensions. As remarked 
in [22], such a situation was not considered in previous classifications. 

On the other hand, if we take all the eigenvalues of the matrix equal, which is 

the case generally considered in the literature [12, 13, 14, 15, 16, 17, 18, 19, 8], then m-^^ 
may be set in the form m-^^ = m Q-^^ where m is one constant real parameter and Q, the 
symplectic metric. In this case the constraints (3.4) require the generators to belong 
to a symplectic representation of the gauge group T][ ■ Q, + ■ Ta = 0- 

^This is not necessarily true for other cases, like the four dimensional theories, where the equation (3.4) 
also seems to allow the alternative solution 

7 7 MN NM /Q r\ 

"'IMN — ~"'iNM'i ^ —m . l^-Oj 

'^For TiT odd there is one extra zero-eigenvalue. However, this case is excluded when the theory is 

embedded in A'^ = 2 supergravity, since in this case, as we already anticipated, the closure of the superalgebra 
requires a self-duality condition [20] which needs an even number of tensors. 
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3.2 The construction of the theory 

Since our approach involves some generalizations with respect to those in the existing 
literature, as discussed above, we have rederived right from the beginning the theory in its 
full generality. We have used the superspace geometric approach as far as the solution of 
Bianchi identities is concerned (from which the supersymmetry transformation laws of the 
fields follow) and the superspace rheonomic Lagrangian for the derivation of the Lagrangian 
on space-time. We also tried to use, as much as possible, the notations existing in the 
previous literature; however in some cases we found useful to adopt different normalizations 
for the fields and couplings with respect to the seminal papers on the subject [13, 17, 18]. 
A dictionary between our normalizations and those adopted in the previous papers is given 
in appendix E. 

Our starting point, for the construction of the theory, is the generalization of the 
bosonic FDA of section 2 to a super-FDA in superspace. Consequently, we introduce the 
supergravity one- forms $7";,, and denoting respectively the spin-connection, the 
vielbein and the gravitino in superspace {V and spanning a basis on superspace), 
together with their "supercurvatures" two-forms TZ°'b, T"' and p"^. We further introduce 
zero- forms for the scalars ip^ , and spin 1/2 fields A^"^, and their curvatures (covariant 
derivatives) . 

The D = 5, N = 2 super-FDA is: 

n^'b = dl^'^fe - ^^"c A n% (3.6) 

r" = dv - n^bV" - ^"^^r'^^^ (3.7) 

= dA^ + \fjK^A^ + m^^Bu + iX%A*^ (3.8) 

HM = dBM + TjM^'A^ ABn + djj^ (f^' - iX^^^-^) + 

+iXM^Ara*^F'' (3.9) 

Dip"" = dip"" + kJA^ (3.10) 
L>g" = dg" + k]A^ (3.11) 

= d^^ - ^Qab^'"''^^ + iO^B^^ (3.12) 

VA^^ = dA^^ - ^J^afeF'^^A^^ + r^X^^ + (I^^sA^-^ (3.13) 

Vr = dC" - ^J^a^r^^r + ^""pC^- (3.14) 

In (3.12) - (3.14) the gauged connections on the scalar cr-models M.{ip) and M.h{(i) appear, 
where A4(<^) is parametrized by the scalars in the vector and tensor multiplets while M.h{q) 
is parametrized by the scalars of the hypermultiplets (the quaternionic sector is unaffected 
by the presence of tensor multiplets). They are defined as: 

T^y = T^y + A^dykJ (T-model connection for gauge sector 

^AB ^ ^AB ^ Sj^i-p-AB gu(^2) connection (3.15) 

A"^ = A"'0 + A^dyk''iUu'''^U'"i3A 5p(2njy) connection. 
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Here T^y{ip) is the Christoffel connection one-form of Ai{(p), while (^"^^{q) and A°^(g) 
are respectively the Sp{2,'R) R-symmetry and the 5p(2raj^,M) connections on AiniQ)- 
Furthermore k^{(p) and k'^{q) denote the Killing vectors on the two cr-models. In eq. 
(3.15) also appear the geometric quantities W^"^" and Vj^^ . They are the vielbein (W"^" = 
U^'^dq'^) and prepotential on Mh- For their definition and geometric properties, we refer 
the reader to the standard literature, in particular [26, 27] where the same notations are 
used. 

We adopted the following conventions for raising and lowering 5^(2, R) and Sp{2nH) 
indices: 

U = eAB^^; e^ = -e^%; ^a=<Capi^\ r = -C"% (3.16) 
while the fiat space-time indices a, h are raised or lowered with the metric 

%6 = diag(+, -,-,-,-). (3.17) 

With these definitions, the explicit construction proceeds by first solving the super-Bianchi's 
following from (3.6) - (3.14): 

n"-i,V^ = i'^Ar^p^ (3.18) 

DW^b = (3.19) 

DF~^ = {Hm - IXM'^A^a'^'^V"') + iDX^^A^^ - 2iX^*AP^ (3.20) 
DHm = djjj^ (f^' - iX%A^'^) A (^F^' - iX^^B^^) + 

+iDXM*Ar„*^F» - 2iXM*Ar„p^F" - ^XM*Ar„*^*Br«*^ (3.21) 

D^cp'' = fc| (^F^ - iX%A^^) (3.22) 
^ f,u f^pi _ (3.23) 

Vp^ = -^7^a6^"^^'^ - n^B"^^ (3.24) 
v^A^^ = -^7^„6^«''A^^ - n'^yXy^ - tz^bX''^ (3.25) 

= -InabT^'C - n'^pC^ (3.26) 
where we have defined: 

DF'^ = dF^ + fjp.^A^F^ (3.27) 

DX^ = dX^ + fjp.^A^X^ (3.28) 

DHm = dHM + T-jj^^'A^Hn (3.29) 

DXm = dXM + Tjj^^A^Xn (3.30) 
with the /j^^, Tjj^^ introduced in (2.35), and 

^% = df% + f^f\ (3.31) 

n^B = d^^B + Cj^c^^b (3.32) 

■R'^p = dA"^ + A"^A^^. (3.33) 
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Eq.s (3.18) - (3.26) are solved by parametrizating the super curvatures on superspace (from 
which the supersymmetry transformation laws follow) as: 

= (3.34) 

+iS^^*Ar"^*B - -^J^ahcC^AV"^^ (3.35) 

f'^ = Pltyv^ - 2/J*AraA^^F" (3.36) 

Hm = HMlabcVV^V' - hMx^ATab^'^'^VV^ (3.37) 

Dip'' = ba^'^V + "^aA"^^ (3.38) 

Dg" = baq^'V +WAa^'^C (3.39) 



- ^9xy 



8 



-ka^abcCr-'^^V^ (3.40) 



^ rpx ( '3\y^\zB,j, I TV^t^ \2i3-pa,T, I ^TV^T^ab\zBi 



+-T%, (^-3A'^^^A-^vi/5 + A^-r^A^^r^^B + -y V'^'X^^'Tab^Bj (3.41) 

VC" = VaCV" + lUnA'^Daq'^n^ + W^^^, (3.42) 

in terms of a set of scalar-dependent quantities: 

fx ) hMx 5 9xy ) 9f J yz 
and of the fcrmion-shifts due to the gauging 

strengths and covariant derivatives denotes the supercovariant part. Eq.s (3.18) - (3.26) 
give a set of constraints among the quanitites appearing in the parametrizations (3.35) - 
(3.42). Part of them are reported below: 

/i = D,X' (3.43) 

hMx = -D^Xm (3.44) 

Diyfl) = T^xyfl + x''g,y (3.45) 

= (3.46) 

Xm = -2djjj^X^X^ (3.47) 

HM\abc = —-^(^MI^obcdeF^^'''^ (3.48) 

X^Xj + /i5} = 4 (3-49) 

flwx[AB] ^ I^JM^^^AB (3 
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£ f k'T) AB 



In eq. (3.48) we have introduced the matrix 



«7J = ^i^j + hh9j 



(3.51) 
(3.52) 
(3.53) 

(3.54) 



(3.55) 



which win appear in the Lagrangian as kinetic matrix for the vector field-strengths. Eq. 
(3.48) expresses, at the supersymmetric level, the duality relation among the S-field- 
strengths and the vector field-strengths. 

Since the analysis has been done only at 2-fermion level, these are not the totality of 
the algebraic and geometric constraints of the theory. Further constraints are more easily 
evaluated from the equations of motion in superspace of the rheonomic Lagrangian given 
in appendix B and will be reported in the next subsection. 



3.3 The Lagrangian 

Writing the action as: 

S = J ^/^^xC, 

the Lagrangian of the theory is: 

^ = ^Grav + ^Kin + ^Pauli + ^gauge + ^CS + ^4f 

with: 



^Grav 



V-9 



(3.56) 



(3.57) 



(3.58) 



C 



Pauli 



■'gauge 



C-CS 



+^i5.,A^r'^v^A^^ + iLr^^^r 
-3i5^^"^:;r^,^^ - ig^yWy^^Tjj:^-^^ + 2M^'^a\^J'^c + 



(3.59) 



2T''g^P) X"^ + 



(3.60) 
(3.61) 



16 L 
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"'"20 {^iLMfjii^ + '^'^ijM 



where: 



^MKN f, 



.M Al aJ aK aN aP 
' NP ^fi^u^p 



M,y\AB = {gyzkyi - ^hM.m^''hNy)e^'' - 2/ir\,p/^ 



Aa uu fl 

X 



and: 



y^^xAB 



Xlp^AB 



(3.62) 

(3.63) 

(3.64) 
(3.65) 

(3.66) 



Finally, tjjj^ introduced in (3.62) is a covariantly constant tensor. 

In (3.62), the freedom under rescaling (2.43) has been used to fix the overall normaliza- 
tion. More details on the calculation are given in appendix B. The 4-fermions contributions 
to the Lagrangian, from [13], is reported in appendix C. 

The scalar potential is 

V = -US^^Sab + ^gxyW'-^^'^Wls +^faAM^^ 

= ^'Pf'PjAB {df'f^ - '^X'X') + ^XMXNm''''m''^hp,g-yhLy + 

+4g^^k]k'jX^X'^. (3.67) 

The following Ward-identity on the gauging holds 

VSi = -243''^ Sc A + Sg^yW^'^^'wy^ + 2M^aN''^ • (3.68) 

Eq. (3.68) is identically satisfied, given eq.s (3.66), for any 5'f/(2)-valued Vj'^ = V^jG^^ . 

The Lagrangian (3.57) is left invariant by the supersymmetry transformation rules 
(with supersymmetry parameter e"^): 

-i^A^r^e" 

2iX%^^e^ - 2/|e^r^A-^ 



6C 



2idfjj^X^Af^^,^Ae^ + 2\XM'^A[^J^u]e^ - hMxeAV^^.X'^ 



(3.69) 



-p /-a-pi/cr A 

8 '5a-'- /liters t 

+ \T^y, (-3r^A-^6B +r^r^A^^r^eB + ir^r^^^A^^Ves) 
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For our calculations, we used the geometrical (rheonomic) approach which, as is well 
known, provides not only the space-time Lagrangian and the superspace equations of mo- 
tion, but also the value of the generalized curvatures in superspace thus providing con- 
straints on the physical fields of the theory. This is of course equivalent to require space- 
time supersymmetry. 

The extra constraints we find besides those already given by closure of the Bianchi 
identities (3.45)-(3.54) are: 



fl 

9xy 

rpZ 

xy 
hfx 


= 1 

= ^ijkX^X^ = "'ijX'^ 
= D^X^ 

04- ~V -P I ■£ J -P I -P J 

~ ~'^^IJK^ JxJy —^ijJxJy 
~ ^Ijk9 fwfx fy 

= —DxXj = ajjf^ = gxyg^j 


(3.70) 
(3.71) 
(3.72) 
(3.73) 
(3.74) 
(3.75) 




= -^{ajj-3X^Xj) 


(3.76) 


XjX^ 
Dxhjy 


= 1 

= - ihj.T^y + Xjg^y) ; D^^hj^y] = 


(3.77) 
(3.78) 


^ixy 


~ '^^iJkfx /if + '^Xjgxy 


(3.79) 


^{ij)M 


1 

~ ~2^ijM 


(3.80) 


h~ 

"■Iz-^xy 


~ ^iJkfx fy + i^Xfgxy 


(3.81) 



In particular, (3.70) defines the equation of the surface generally carachterizing the scalar 
geometry of D = 5, TV = 2 tensor and vector multiplet sector. Furthermore, the above 
relations also imply the constraints on the curvature of M. {<f) characterizing its geometry: 

R^zt = {S!t9z]y + Tl^.TZ^y) (3.82) 

and a relation between the constant t/j^ defining the surface and the scalar-dependent 
couplings: 

tijk = I {^X^XjX^ - Sa^jjX^^ + 2Txyz9]gyj,) • (3.83) 

Since the geometrical properties of the cr-model M.{ip) have been discussed thoroughly in 
the original paper [13], we omit further comments on this point. 

3.4 Comments on the scalar potential 
The scalar potential that we find in eq. (3.67): 

+Aguvk1k"jX^ X^ (3.84) 
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is formally the same as the one found in the literatme [18] (a rescaling of the fields is 
required for a precise comparison; a map is given in Appendix E). However, since we are 
considering more general couplings and a non-trivial matrix, a few comments are in 

order. 

First of all, it is already known that the presence of the tensor multiplets allows a 
non-zero W^^^^^ = ^g^'^hfy-m^^ Xm^"^^ but that the contribution to the scalar potential 
coming from the tensors is always positive, so that Anti dc Sitter solutions may only be 
accounted for a non trivial (possibly constant) Vj^^, giving a mass to the gravitino, while, 
in the case = 0, only Minkowski vacua are attainable, for 

huxm^^XN = 0. (3.85) 

This is in particular the case when one considers as iV = 2 model the Scherk-Schwarz 
generalized dimensional reduction of a six dimensional theory, as discussed in [22]. For 
the case of the S-S dimensionally reduced theory, to have a non negative scalar potential a 
cancellation is needed between the gaugino and gravitino contributions, proportional to the 
prepotential Vj'^. This does not appear instead to be necessary in more general, purely five 
dimensional, cases, still allowing, however, a general antisymmetric matrix . Then, 

when m^'^ has general skew-eigenvalues, eq. (3.85) may have solutions more general than 
the "symplectic-orthogonality" condition between Hmx and X^r. 

Let us now see the implications of having c^asm 7^ 0. Eq. (3.85) has a solution for: 

Xm = tfj^x'^X^ = -AdANMX^X"^ - 2dKj,MX^X^ = (3.86) 

where we used the relation (3.80) Eq. (3.86) must be solved together with the defining 
equation of the scalar geometry 

tfjj^X^X^X^ = 1 (3.87) 

that is: 

X^ (^Asr-^^-'^^ + ^tAsuX^X^ + 2tAMNX^X'^) = 1. (3.88) 

In (3.88) we used the fact that, for invertible, Imnp = 0, as explicitly shown in 

appendix B, eq. (B.17). Eq. (3.88) requires X^ ^ for at least one value of A (e.g. 
-'^^Ivac oc Sq), and it then implies that the v.e.v. of the scalars X'^ are now shifted from 
zero, since eq. (3.86) is solved for 

c^AMiv-'^'^lvac = -^^ASM-'^^jvac 0- (3.89) 

4. Conclusions and outlook 

In the present paper we have studied the D = 5, N = 2 theory coupled to vector, tensor and 
hyper multiplets by including all possible couplings compatible with gauge symmetry and 
supersymmetry. We paid particular attention in analyzing the algebraic structure of the 
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FDA which underhes the theory, This allowed to relax some constraints on the couplings 
usually considered, and correspondingly to write-down a scalar potential a bit more general 
than usually considered. It would be interesting to analyze in detail the critical points of 
models exhibiting the features described here, as in particular a magnetic coupling 
with arbitrary skew-eigenvalues. Models of this kind (an example of which is found by 
Scherk-Schwarz compactification from six dimensions [22]) should appear in general flux 
compactifications from superstring or M-theory. 

Our investigation may now be extended in various directions. At a group-theoretical 
point of view, it would be interesting to extend the FDA to include also higher order forms, 
as is the case, in general, in theories corresponding to compactifications from superstrings 
or M-theory. We would also like to perform an analysis, on the same lines of the one 
presented here, for the D = 4 N = 2 theory coupled to vector-tensor multiplets. These 
developments are under investigation and will be discussed elsewhere. 
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A. A trivial deformation of the FDA 

In this appendix we show that a furtlier possible deformation of tlie FDA (2.19) via an 
extra 3-vector contribution in the field strengths Hm can be always reabsorbed by a field 
redefinition provided we do not couple the system to higher order forms. It is in fact 
possible to deform the FDA (2.19) as follows 

Hm = dBM + Tf^^A^BN + dfjj^F^' AA^ + ej^fjjiA^ AA^ AA^ ^ ' ' 

with the constant ej^fj^^ = e.j^^fjj^T^ completely antisymmetric in the last 3 indices. This is 
a deformation of the FDA structure, which leaves unchanged the Bianchi identities (2.20), 
but modifies the constraints in the following way: 

J[IJ JK\L — ^^MIJK'''' 

L /' jJm ~ JIJ ^KM ^^*^MIJK'"' 

r,-^(^m-f» = 



int_^m ^ fjj^V^ (A.2) 



T- ^ - (]-- m-^^ 

^IM ~ '^IJM'"' 



T ~ ^ d - - — f - - ^(7- - —if- -^rl - - -^'\p — n 

■^\I\M "'K\.nN J\I\K "'TA.nM 9.J T.l '^K LM ^ "^^ M I .JK ~ ^ 



■[I\M ^K\J]N J[I\K "LIJJM 2JIJ ^KLM^'^'^MIJK 

^N[JKL-^I\M 2^MP[KLJ IJ] ~ 

The last equation of (A.2) means that e^i-jK ^ cocycle of the Lie algebra G. 

For non-zero (^MijK'> S^^S^ transformations of the system are deformed into 

5A^ = de' + fjji'A^e'^-m'^AM 

SBm = dXM + Tjj^'^A^AN-djjj^F^e^ -Tfj^^'e^BN-Sej^jjj^A^ AA^e^^ " ' 
but give, for the field strengths, the same gauge transformation of the undeformed theory: 



f 5F' = -fjji'eJF^ 
r nJtj 



(A.4) 



As we see from (A.2), in this case the Jacobi identities fail to close and the Tj^^ do not 
generate anymore the algebra G, which is explicitly broken. However, for any general value 
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of ^j^jfjx subject to (A. 2), the entire algebra G is still generated by the hatted generators 
/, r, that still satisfy eq.s (2.37). The consistency of the extended theory is guaranteed 
since, from (2.37) we have, for any e^jj^: 



/[/' fj 



' fx] 



. M 



'f[ij fk]N J ML 



N 



J\ij L 



M 



K]M -^LM 



NM f P 
J NL 



LPrp_ N 



-- 





due to (A.2) and in particular to 

/ 



m 



INr 



-JN 



M 



JK 



I^KM 



1 jj^^ rn 







KJ 

f- N IP . 
1 rn 



■ 
0. 



(A.5) 



(A.6) 



Therefore we can state that the gauge algebra G, even if not anymore realized in an 
abstract way, still closes when acting on the physical generators /, T appearing in the 
Bianchi identities. To complete the proof that the extension of the FDA (2.19) to include 
the ej^fjj^ is trivial, we are now going to show that, when expressed only in terms of the 
physical couplings, the structure of the FDA is not affected by any possible contribution 
in e^f/jj^- To do so, let us recast the theory in terms of the physical couplings appearing 
in the Bianchi identities (2.20), as we did in section 2.2 for the FDA (2.19). As shown in 
section 2.2, this is done by the field redefinition 2.39. Then the FDA (A. 7) takes the form: 



Hm = 



IM 



1 



Bm 



2-1 JK _ 

dBM + ITj^^'A^Bn + d^jj)MF' A A^ + ICj^jj^A^ A A^ A A^ 



where: 



and: 



^Mljk ~ ^Mljk 



f M f L 
J[IJ Jk]m 

■^[IM -^J]N 

f. N IP 
^IM 

2 JN 
T-. AT 
■^IM 

■^[I\M "■{J\K)N 

'^N[JKL-^I\\M 



1 



2 [IM "■JK]N 



1 



^f[ij ^k]LM ~^ ^"-LIKM-I IJ] 



rffj] 



(A.7) 



(A.8) 



zm I^M[IJK] 

hfT^ + ^'^^Mijkm^'' 



fjk'm^''_ 
'^^(ij)M''^ 



(A.9) 



JN 



'^f[i\k^^{j]L)M 



-6/C, 



- 3/C, 



flJ ^{kL)M ~ ^'^MIJK 
■'MP[Ijf kL]^ ~ ^■ 

Note that, by substituting the value of ej^jjp^ given by (A.2), eq. (A.8) may be rewritten 
as 



-MIJK ~ 2-'\-^J "'(K]L)M ^ ^"'{L[J)Mf I]K 
which is identical to (2.42). This shows that, when the FDA is expressed only in terms of 
the physical couplings /j, Tj and d^j^ji^, it does not depend on any possible contribution 
from ej^jjf^ in (A.l). We conclude that the couplings e^^jj^ give a trivial deformation of 
the FDA (2.19). This means that the cocycle ej^fjp^ is in fact a coboundary. According 
to the general construction of the free differential algebras, one can however expect that, 
if one enlarges the FDA by introducing 3-form potentials and the associated curvatures, a 

could play a role. This possibility will not be pursued here. 



(A.IO) 



4-form associated to e 



MIJK 



but left for a future publication. 
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B. The D=5 Rheonomic Lagrangian 

We write down explicitly here the rheonomic lagrangian, up to 4-fermion terms. We recall 
that, in the rheonomic approach, the action is written as 



S= [ C 



(B.l) 



where At 5 is a generic bosonic surface embedded in superspace. £ is a 5-form written in 
terms of superfields without use of the Hodge-duality operator. It is then first-order in the 

kinetic terms, that is auxiliary fields F^^^, X^, are introduced and are then fixed in terms 
of the physical field-strengths by solving their field equations. The space-time lagrangian 
is retrieved by restricting the rheonomic lagrangian along the space-time differentials dx^, 
at zero fermionic coordinates = dQ^ = 0. 

With this approach, the field equations are valid all over superspace. The equations 
of motion on space-time are given by the field equations along the bosonic vielbein of 
superspace, while the field equations with at least one fermionic direction '^^ yield the 
constraints on the supercurvatures and couplings. 

The Lagrangian density up to 4-fermion terms can be written as: 



^ = ^Grav + ^Kin + ^Pauli + ^CS + ^Tors + ^ 



■gauge 



(B.2) 



where 



^Grav 



auli 



c 



gauge 



(B.3) 



+ 



1 

10 



+ 



(B.4) 



—1 
2 



{Sg^yD^^'^ArabcX''^ + ^u^'^Dq^^ATabcCa) F^F 



(B.5) 
(B.6) 



^9.ywy ^^Air"*s + at^^aT^c ) eabcdeV'yy'y" + 



(sm^y^ABT^Xy^ + 4iM,^"CaAi + 2iM-/^CaC/3) ea^cd.y'y'yyy' (B.7) 
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The Chern-Simons Lagrangian can be written down in terms of and Bm- 

Ccs = am^^BM^N + sY^BmBnA^ + sjjBMA^dA^ + s^j^^BmA^ A^ A^ + 



+ltijKA'dA'dA^ + ruK\LA'A^A^dA^ + Tij^-^^A' A' A^ A^ A^ (B.8) 
where the gauge invariance of Ccs impUes: 

sf" = am^^Tj/ (B.9) 

sf- = 2adjjj^m^^ (B.IO) 

'ijK = ^^""""d-.^^lNfjK]^ (B-11) 

^tlJ) = hmm^'' (B-12) 

''"ijK\L = Y^^KLMfi/^ + 2^^[/|Af"^^^'^L|J]iV (B.13) 



1 . „ M „ n a 



r 



IJKLM ~ gQ^INQf[JK flM] + g ^/[JM*^ ^NlKjf LM] (^-14) 

Conditions (B.9)-(B.14), required for gauge invariance of the action, in particular imply 
that tMNP = 0. To show this, let us consider eq. (B.12) and mulitply it by m/^m'^^: 

ltjjj,m'^m^^m^P = sJ-^-^m^'^m^'^ (B.15) 

But due to eq. (B.IO) this is related to the physical coupling T: 

h,jjf,m'^m'''m^'' = 2«d(,-j)Qm^«m^'^m-^'^ = aT>Q^m^'^m^'3 (B.16) 

This last term vanishes due to eq. (2.41), so that, since we generally take invertible, 
it gives: 

tMNP = 0. (B.17) 

As a final remark, let us observe that, given (B.9) - (B.14), all the Chern-Simons 
Lagrangian (3.4) contains a free multiplicative parameter, a. However, recalling the dis- 
cussion at the end of section 2, the theory still has the scale invariance (2.43), which may 
be used to fix the parameter a at our wish. We set a = |. This finally gives eq. (3.62). 

C. The four-fermions Lagrangian 

The 4-fermions contributions to the Lagrangian, from [13], with our notations reads: 

A/ = {-^D^T^yA^^r^^xy^x^r^^'^x^^ + ^R^y,^ (a^a^^a^a-^ + x^r^xy^x^m^'') + 

-\g.y9-.., (a^a^a^^a-^ + ^A^r^A^A^^r'^A-^ - r^.A^^A^^r^'^A-^) + 



{2ir,^, (xi^^B^^^v^^y^ - \x\Ti^^^B>^^^X'^^ } 



+ 

3A 
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+{ A^^^^;4^M + h^Ar^'^f'^^^^pB^^ + ^^uAT^'^i^pBrf^^^ + 

+^A\,Ca^ti9'''' + ^"nC + ^Car^^CC^r^'C^ + (ci) 
+:^5.,Car^.pC"A^r'^^'^A^^ - ^n'^^^'iBUpC.Cs - Lr^xCK^r^^) (c.2) 



where 0°^/^^"^ = 'R'^l^y,JA''\'^^W\^^eAB 



D. Useful relations with F- matrices and Fierz identities 



Recalhng that 



^ai...apCi...Cq 

"p "p&C 



pap 



abi...bp 



afcci...Cp 

r"rc(irab 



p\ql5cl 



Ci...Cq ) 

abcde-t 



{jp + q = b) 



1 



abcdey^ 



ro6 



r„^^ - 2(5^^r^i 

(5-p)r6,...6,, 0<p<4 
-(5-p)(4-p)r,,...,^, 0<p<3 

Ted 

—^Vblc^d] = Tabrcrfr" 

-4re 



AB 



and that the currents of spinor one-forms have the symmetry properties 



C 



(D.l) 
(D.2) 

(D.3) 

(D.4) 
(D.5) 
(D.6) 

(D.7) 
(D.8) 
(D.9) 
(D.IO) 
(D.ll) 
(D.12) 
(D.13) 
(D.14) 
(D.15) 

(D.16) 

(D.17) 

(D.18) 
(D.19) 
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the following Fierz-identities follow: 

^r„6*Br«^*^ (D.20) 

o 

(D.21) 

r„S^ = (D.22) 
so that 

r'*^^ A A Ta^-^ = A "^B A (D.24) 
^ab^A ^^j^^ Fab'ifc = -4 Sfs'^c) A "^l A (D.25) 

E. Matching of notations 

We have collected in the first table the differences in notation between [13] (GST) and 
the present paper (ADS) for the vector and tensor multiplet sector, and in the second the 
differences with [18] (CD) for the hypermultiplet sector. 



GST 


Vab 


pa 


r„ 






hj 


^ab 






ADS 




•pa 


-ir„ 


_^AB 


4 vl 




•^Kb 




V2^^ 


GST 


hi 






9xy 


rpx 

-t yz 


^ixy 




^ yzt 


^xA 


ADS 


-2/i 


-1(7? 


8 "/J 


i 9xy 


/3 rpx 


3 't'ixy 




yzt 


-iV2A^^ 



CD 




q" 


c 




(Jul- 


'1 






ADS 


— Ca{5 






-V2Z^„^" 











*A A I'b A r"*c 



1 ^ 1 
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